Abstract. 2014 Phyllotaxis can be identified with the study of spiral lattices which are useful as models for many botanical structures (arrangements of the inner florets of a daisy, of the scales of a pineapple...). We consider a geometrical idealization of such networks : a lattice of tangent circles aligned along a logarithmic spiral. using conditions for close-packing of such circles, we show that the parastichy numbers belong to a generalized Fibonacci sequence. Moreover, if « regular » parastichy transitions only occur in the lattice, the divergence tends to a noble number. On the contrary a rational number is reached after an infinite sequence of singular transitions.
J. Phys. France 50 (1989) [1603] [1604] [1605] [1606] [1607] [1608] [1609] [1610] [1611] [1612] [1613] [1614] [1615] [1616] [1617] [1618] [1619] [1620] [1621] 1er JUILLET In a previous paper [1] hereafter referred to as I, we recall that many mathematicians, physicists and crystallographers have studied phyllotaxis (historical references can be found in 1 or directly in papers by Adler [2] or Rivier [3] (1). The subject is, however, rather exotic (1) General references on phyllotaxis are given in I, where we emphasize the difference between conceptions of people from exact sciences (physicists, mathematicians, crystallographers) and those of biologists. A botanist [4] , however, has made long ago a work presenting some of the material contained in this paper. An excellent review of geometrical models can be found in Erickson [5] . To our knowledge, the present paper gives nevertheless the first derivation and analysis of the numbertheoretical properties involved in the models of spiral lattices. indexes n, n + r, n + 2 r ... The value of r in this arithmetic sequence characterizes some family of parastichies we naturally call the r-family and which is constituted of r members identified by the different values of n = 0,1, ..., r -1. As a matter of fact, the distribution of the points of a spiral lattice among the members of a r-family is isomorphic to the classification of the integers into classes of residues modulo r.
Since Kepler [2] (2) The notations and properties of continued fractions to be used in this paper are recalled in I. Wellknown references on the subject are the books of Khinchin [6] , Lang [7] or Perron [8] . Transitions are made possible by defects which act like dislocations and which have very interesting properties. We shall not study them here ; let us however mention that structural defects have been described in a very similar case by Rivier et al. [9] .
In I, we have investigated the modification of the neighbourhood induced by a decrease of the plastochrone ratio z. We showed that this change is of less importance (being even vanishing if the parastichy numbers {k, Q } increase) whenever the divergence is a noble number. As Fig. 4 ). There (Fig. 4c) , we have a transition which we shall hereafter call regular transition, in opposition to the case where the 1-family disappears (Fig. 4d) which is called singular.
A regular transition is characterized by the fact that the couple of parastichies {q" q,+l} = {k, f} is replaced by the couple {q'+l' q,+2} = {f, k + f} (so that a, + 2 =1).
According to (11) This discussion may seem of little interest for the phyllotaxis or related physical systems. However, models of packing of growing discs [10] show important differences in the stability of the system according to the parameters involved. We shall discuss in a future paper [11] how their stability is related to the algebraic character of the limit divergence. 4 . Conformal applications.
Up to here, we have been concerned only with plane phyllotaxis. One may ask whether it is possible to reproduce the same results (lattice of tangent circles, parastichy transitions...) on other surfaces like spheres, cones, cylinders... The transposition to the sphere is immediate : the stereographic projection which maps the sphere on the plane is the ideal tool since it is a circle preserving transformation (Fig. 6b) .
Let us now shortly describe the method to construct lattices of tangent circles on a cone (Fig. 6c) . The transformation maps the strip -1T s 0 1T on an angular region which can be thought of as a cone with apex angle 03C8 unwrapped on the plane. By use of this transformation, any point (rn, On) of the plane lattice Ls is mapped on a point (un, vn ) of the cone. The condition of tangency of circles Cn and Cn + m on a cone, is then readily found to be This equation generalizes (7) . One notices immediately that it contains the plane phyllotaxis (Fig. 6a) as well as phyllotaxis on a cylinder (Fig. 6d) as limiting cases when 4r -7r or t/1 ---&#x3E; 0 respectively. Moreover, the construction on a cone provides the key to the following question : is it possible to find spiral networks without the restriction that k and f are relatively primes ?
Let us take {k', l' ) , two such numbers. One writes k' = mk and f' = mQ, m being the greatest common divisor of k' and Q'. One can then draw a lattice of tangent circles characterized by the parastichy numbers (k,l) on a cone with apex angle t/1 = 2 arcsin (1/m). Unrolling this cone m times on the plane gives rise to a phyllotaxis with circles tangent along k'-and f' -parastichies (Fig. 7) Proof of theorem 2. Theorem 2 is a direct consequence of theorem 1 and of proposition 5.
